
 

MATH 2028 Surface Integrals in 1133

GOAL Define surface integrals of functions and

vector fields on surfaces in 1123

Q what is a surface

Defa A regular parametrized surface in IR is a

map g U 1133 where U E IR is a bounded

open subset set

i G is an injective C map

Cii Dg a B 1123 has rank 2 V a E U

We write S g U E 1123
a
as S g Uau
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f 2 Ig linearly independent in 1123
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Example 3 Graphical surface

S 2 fcxy7 Given a C fon f U IR we have

a the graph of f givenby the

b g
surface S parametrized by

c i
il g un u 423
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Q How to define orientation of a surface

Def't An orientation on S E 423 is a globally

defined unit normal T S Ps3 which is

continuous on all of S

If such an rt exists we say that S is

orientable Otherwise it is called non orientable

Example The sphere is orientable with two

possible orientations
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Example A famous example of non orientable

surface is the M bias strip
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Def't Let S E 1123 be a surface parametrized

by gcu v U 433 and f s IR be a Cts

function THEN the surface integral of

over S is

f do f fog HIIux25 11 DA
U

In particular the surface area of S is

Area S s f I do
5
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Remark The surface integral fdr depends

only on the surface S g U BIT not on

the actual parametrization G

Why The 1131 7911 term describes the

infinitesimal area distortion caused by the
Hadouxffy area of

parametrization this
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Remarly switch orientation of a surface

Given a parametrized surface S g U given

by g cu v U B3 we can define

another parametrized surface

u u n IT 433

by g v U g cu v

where I cu n cu V E U

Def't Let S E 1123 be a surface parametrized

by gcu v U 433 and F S 1133 be a Cts

vector field THEN the surface integral of F

over S is

Finds f Fog Idux 25 DA

U

We also call this the flux of F across S

Remark I F n'do is independent Cup to a sign

of the parametrization of S



Example 4 Compute the flux of the vector

field f X y z Cx y o across the

sphere 5 of radius a o centered at the

origin oriented by the outward normal

Solution S e
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Example 5 Compute the flux of the vector

field F X y z y X ZZ across the

surface S which is the portion of paraboloid

2 X't y between 7 0 and 2 1 oriented

by the upward pointing unit normal rt
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